Abstract: A fraction of a laser beam array, whose unknown piston phase relationships must be set to prescribed values, is launched into a scattering media with random transmission. The resulting output speckle pattern is sampled by an array of photodiodes measuring the local light intensity. The data feed an innovative optimization process, which controls a phase modulator array. Few iterations of the optonumeric loop lead to efficient and fast phase locking on any desired piston phase distribution.
Introduction
Array of tiled coherent laser beams, either from a laser array or derived from a single laser oscillator and further individually amplified, is a common approach to increase the power delivered by laser sources [1] , [2] . Coherent combining of the individual laser beam raises in turn the source brightness opening an opportunity to satisfy in particular the need of future demanding applications such as fiber laser wake field acceleration of particles [3] or light propulsion of nanocraft in space [4] , [5] . Coherent laser field summation of a beam array requires free space propagation of the beams with a controlled phase distribution. It is well known that in-phase beams will interfere in the far field giving a maximum power on axis. This is the reason why many techniques have been developed to phase-lock the fields of a laser array [2] . For some other applications a fast non-mechanical beam steering is sought [6] , [7] , or a beam forming capability or a compensation of the distortions due to atmospheric turbulence [8] . In those cases, the phase distribution in the array has to be no longer uniform. In the context of laser arrays, a tiled beam array produces a discretized wavefront that differs from the usual continuous wavefront of a beam with aberrations or distorted by its transmission through the atmosphere. Most of times, the wavefront to control takes the form of a discrete distribution of phase steps (piston-phase). Some phase-locking techniques have the capability to shape any desired discrete wavefront but they require a fast measurement of the instantaneous individual phase of the whole beams of the emitter array either with help of a reference plane wave [9] or with shearing interferometry method [10] . Beam pointing on a distant target through turbulent atmosphere requires also the proper adjustment of the phase pattern in the beam array launched toward the target. That was achieved with target-in-the-loop devices based on an adaptive Stochastic Parallel Gradient Descent (SPGD) approach [11] as well as by a frequency tagging technique named Locking of Optical Coherence by Single detector Electronic Tagging (LOCSET) [12] , both techniques use a single detector close to the laser source. The target was cooperative enough to give a feedback signal of sufficient level. We present an alternative approach for piston phase control of a tiled beam array. It is based on an iterative method including the transformation of the beam array into a speckle pattern by a scattering plate and its combination with a specific optimization process. The proposed approach [13] shares some features with the Phase-Intensity Mapping (PIM) method [14] , [15] , since both are based on a phase intensity mapping device whose data obtained from multiple photodetectors served for an iterative optimization algorithm. In contrast to the latter, the new technique permits phase-locking of the beams on any arbitrary phase distribution across the array, in particular for atmospheric distorsion compensation. In addition, it offers a great flexibility for a compact implementation, even for arrays of large size.
Principle of the Method
Let us first consider an array of n input laser fields of identical frequencies that we denote by the vector a ∈ C n whose phase distribution arg(a) is unknown but where the amplitude |a| is known. The goal is to set the phase of vector a on a desired set of values given by the vector arg(d) with |d| = |a|. In the set-up a beam splitter picks up a weak fraction of the beam array which is sent onto a scattering plate. Scattering, which is an intrinsic random process, mixes the field from initially separated beams and creates multiple path interference giving a typical speckle pattern on a screen placed behind the plate at a distance that can be short. The intensity image of the speckle carries a nonlinear but deterministic encoding of the phase relationships in the input beam array. The situation here is different from the usual coherent diffraction imaging where the single input beam is known (a wide Gaussian laser beam with flat wavefront) and where scattering is due to the object whose shape must be determined. The proposed scheme is a kind of reverse case where the object is known (a diffuser) and it is the complex input laser field which is sought. In order to reduce the computation cost and to speed up the method, instead of the full image, an array of only a few photodiodes measure the speckle intensity in a reduced number m of points of the interference pattern. The m photodetectors yield an intensity vector from which one derives the amplitude vector b ∈ R m + . It is connected to the input fields by the equality |X a| = b, where X ∈ C m×n stands for the transmission matrix of the scattering device. To meet our objective, we need to find the vector of phase errors e, between the input fields a and the desired fields d, such that:
We want for the vectors to be:
δ being a constant phase offset within the range [0, 2π]. So, the measured intensity values are processed to derive, from (1) and (2), the phase modulation to apply on each beam in order to make the phase pattern in the beam array as close as possible to the desired distribution. In fact, a single correction round is not sufficient to lead to the desired shaping. But a few iterations of the same error correction process quickly converge and set the beam array on the desired phase pattern. The feedback loop can be kept in operation to preserve the shaping whatever the changes in the input fields. The method we proposed to set the array phase on a desired distribution follows an iterative error reduction approach in which different steps are summarized below. 
Algorithm 1: Opto-Numerical Loop For Array Phase Setting On a Desired Distribution.
Inputs: Desired fields for the array d ∈ C n , scattering matrix X ∈ C m×n . 1) Initialization:
Step k = 0 and input vector a = a 0 with unknown initial state for the phase.
2) Optical scattering of the input fields and speckle amplitude measurement:
Measurements give the amplitude b k .
3) Inner algorithm for phase recovery:
Compute approximate solution a k ∈ C n of the equation |X · a k | = b k .
4) Phase modulation of the input:
Apply phase correction according to θ k = arg(d) − arg(a k ) using the phase modulators.
5) Iteration:
Iterate k = k + 1 and feedback to step 2.
A general schematic view of the principle is shown on Fig. 1 . Standard phase retrieval is a fully computational treatment of a given set of experimental data. Our method differs from phase retrieval in the sense that, at each opto-numerical optimization round, a phase modulation changes the input, a, which in turn modifies the speckle pattern and the measured intensity, b 2 (element-wise square). So, the data feeding the inner algorithm are updated at each round. The inner algorithm is used to approximate the unknown phases arg(a). The estimation is subtracted from the desired phases for the output coherent beam, forming the correction applied to the phase modulators.
In the following we will assume that the transmission matrix X of the scattering device is known; its measurement will be reported in the next section. The estimated phases of the inputs a are computed in a sub-part by a purely numerical iterative phase retrieval process which is based on alternating projection [16] , [17] . The phase difference between the retrieved input field a k and the desired field d indicates the phase modulation to apply on the modulators to get the desired discrete wavefront: Fig. 2 . Average phasing quality Q versus the number of phase corrections and for different ratios between the number of beams to control (n) and the number of detectors (m) in the speckle pattern. Statistics were computed from 1000 realizations to be reliable. For each realization, the target phases vector and the initial phases vector were randomly chosen. Blue shaded areas denote standard deviations from average.
As mentioned above, a single correction round is not sufficient to lead to the desired shaping. This is due to the fact that the retrieved field is different from the actual input field. But a few iterations suffices to quickly converge on the desired phase pattern (see following section).
Numerical Analysis
For a preliminary assessment of the proposed principle we performed numerical simulations. The beam array considered here was of square lattice with beams of identical power and size (uniform cross-section). Each beam was assigned a single complex value representing its amplitude and phase. The behavior of the scattering device was taken into account by a complex value random matrix. In order to mitigate the impact of the desired phase patterns, they were randomly chosen and changed at each simulation run. The phase distribution in the input beam array was also randomly varied for each run to consider the fact that in practice it will be unknown. The simulations results were then gathered and averaged for display and evaluation of the performances. The difference between the shaped wavefront and the desired discrete wavefront was assessed by a parameter named "phasing quality", noted Q , and calculated as the normalized scalar product of the two field distributions:
A parameter Q = 0.96 corresponds to λ/30 rms deviation between the actual field and the target field [18] . We first study how many detectors may be sufficient to get the expected phase profile in order to minimize the computation cost and maximize the convergence speed. The numerical results demonstrate (see Fig. 2 ) that the number of samples taken in the scattering pattern must be at least three times larger (four times is better) than the number of area to control in the input signal (number of beams in the array) to reach the same average phasing quality in steady state regime. We can find some similar criteria in the literature on optimization where it was reported that (4n − 4) measurements are required to guarantee the uniqueness of a numerical phase retrieval problem (injectivity) on a complex vector of n elements [19] . Simulations show that convergence to the desired state is fast, taking on average less than five iterations of the process (five phase corrections).
We study also how the number of iterations needed to reach the desired profile evolves with the number of beams to control. The simulations have shown that this number raises weakly (less than x2) when the number of waves increases by one order of magnitude (see Fig. 3 ). Fig. 3 . Average number of phase corrections (1000 realizations for statistics to be reliable) to get phasing on the desired target, with less than λ/30 rms deviation (Q > 96%), versus the total number of beams n in the array. Blue shaded areas denote standard deviations from the average.
The impact of noise was also investigated. We have considered electrical noise in the measurement of optical intensity by the photodiodes and optical power fluctuations of the individual laser beams. Based on our simulations we concluded that up to 10% rms noise on the photodiode signals and up to 5% rms power wonder in the beam array have no visible impact on the efficiency of the phase adjustment as well as on the speed of the convergence to the desired discrete wavefront. The effect of such noises is also independent from the number of beams to control. All the observed behaviors attest that the technique is actually robust with respect to noise.
Scattering Device Transmission Matrix Measurement
A crucial point of the proposed approach is the precise knowledge of the complex value transmission matrix of the scattering device connecting the input laser fields to the output fields on the position where the photodiodes are located. There are several options to perform such a characterization which is frequently achieved in view of beam control and imaging through scattering media [20] , [21] . The difficulty again comes from the fact that access to the phase is difficult in optics since photodetectors only give the light intensity. In our case we chose a reference-less technique which is more convenient to implement [22] . It is based on series of intensity measurements B ∈ R N ×m obtained from the m detectors for a sufficiently large set of input fields A ∈ C N ×n made of N successive random phase patterns (of size n, the number of beams) with uniform amplitudes. An optimization routine computes the elements x i ,j of the transmission matrix X ∈ C m×n which are solutions of the unconstrained non-convex optimization problem:
There are many possible algorithms available to solve this problem. We have used here the same alternating projection iterative algorithm used for the phase retrieval algorithm above. Just we seek for the recovery of the transmission matrix X instead of the recovery of the input vector a. We changed also the starting for a Wirtinger Flow initialization [23] . As an example, in the following experiments we have used as a scattering media a commercial ground glass diffuser (Thorlabs DG05-220-MD). An array of 16 laser beams at 1064 nm in a square lattice shine the random media sample. A spatial light modulator (Hamamatsu X-13138) was inserted on the path between the laser source and the scattering plate in order to adjust the phase of the individual input beams. A camera was used to record the scattered intensity pattern in the far field, at a few centimeters distance from the diffuser. The intensity level on some selected pixels only was exploited in order to mimic a photodiode array of low size (8 × 8) but distributed on a wide surface of the light pattern. The intensity measurements corresponding to N = 20 × n random phase charts at input were sent to the optimization software which gave the experimental transmission matrix illustrated on Fig. 4 .
Phase (on the right hand side) and modulus (on the left hand side) of the measured X matrix looks mostly random as expected. Computation time was of the order of 10 ms (CPU Intel Core i5-8600K 3.60 GHz, Windows 10 64 bit, MATLAB R2018b) for this 64 × 16 matrix after recording of the experimental data. It was checked that the statistical properties of the measured matrix are similar to the ones of a random matrix. In particular we checked that the distribution of the singular values of the measured matrix is close to the Marcenko-Pastur distribution expected for a random matrix [24] . This ensures that the results derived from the previous numerical analysis based on a random matrix should be expected in the experiments. Once the transmission matrix of the scattering device has been characterized it was further used in the phase shaping experiment.
Proof of Principle Experiment
The experimental set-up used for a proof of principle experiment is schematically depicted in Fig. 5 . The beam from a fiber coupled laser diode at 1064 nm (FC-LD) is first expanded by a magnifying telescope L1-L2 to cover the first reflective spatial light modulator (SLM1-Hamamatsu X-13138) surface. Then, a 4 × 4 laser beam array was generated by diffraction on an array of disk-shaped phase gratings displayed on SLM1. Beamlets were circular in shape with a diameter of 300 μm and a 500 μm period. In addition, the relative position of the gratings modulation was used to introduce a non-uniform phase piston among the beams in order to mimic unknown random initial phase distribution. The 4f telescope L4-L5, with 1:1 magnification, served to filter out the diffracted part of the SLM1 output thanks to the hard aperture A located in the focal plane of L4. A second spatial light modulator (SLM2, Hamamatsu X-10468) applied the phase corrections computed by the system to the individual beams. A beam splitter (BS) sent a fraction of the beam array on a diffuser (D) while the transmitted fraction was directed onto a positive lens (L6) for display of the far field pattern and its observation with a camera (CAM2-Thorlabs CMOS DCC1545M). The diffuser scattered the beams which formed a speckled figure on a camera (CAM1-Quantalux ScMOS CS2100M). In the detected images, 8 × 8 regions of interest were selected to mimic an array of photodiodes. Thus CAM1 provided 64 intensity measurements which were further processed by the algorithm implemented on a laptop computer. Operation of the whole set-up was interfaced.
The initial conditions (phase distribution in the array) as well as the desired phase charts were chosen with a random generator of uniform distribution in [−π, +π]. The figure 6 below reports the plot of the phasing dynamics according to the number of iterations of the opto-numeric optimization process. The data (red dots) were averaged on 100 phasing experiments where both the initial conditions and the phase targets were varied at each trial. The curve shows that 5-6 iterations only were sufficient to reach steady-state with a phasing quality of 96% (deviation from the target was less than λ/30 rms). It demonstrated the efficiency of the scattering-based optimization. The experimental dynamic is consistent with the one derived from our simulation (m = 4n) which is plotted in blue solid line in Fig. 6 . The total absence of noise in the modeling permits to reach an ideal final state with 100% phasing quality. Noise and above all the residual aberrations in the collimated laser diode beam, explain why the final phasing quality is slightly lower than 100% in the experiments. The red shaded area in the graph denotes the root mean square variation around the average and shows by experiments the robustness of the method.
The time spent on one iteration in these experiments (∼200 ms) was mostly determined by the transmission of the command to SLM2 and above all by its time response. On the opposite, the computation of the phase corrections was fast and lasted less than 70 μs only. As examples, we present on Fig. 7 some experimental far fields of the beam array recorded after phasing on the desired phase patterns shown in insets, starting from unknown initial conditions. The far-fields observed after convergence were perfectly consistent with the theoretical expectations.
Conclusion
We presented in this letter a new optimization technique based on an optical scattering process for setting the piston phase of a coherent laser beam array on any desired distribution. It is based on an optical scattering process which transforms the input beam array into a speckle pattern whose intensity is measured in a few transverse positions only. This is the first iterative optimization technique able to adjust the discrete wavefront of a laser beam array on a non-uniform distribution. It is the first time as well that a random scattering process is used for phase-intensity mapping and for phase control in the transverse cross section of a coherent beam. Numerical simulations with random scattering matrices have shown that only five to nine rounds of phase correction only are sufficient on average to reach any desired phase chart for an array with up to 100 beams. These results were confirmed in a proof of principle experiments with a 4 × 4 laser beam array and liquid crystal SLM for phase control. Starting from unknown initial conditions, phasing of the laser array was achieved on various phase charts with λ/30 rms accuracy after less than five optonumerical iterations. This attests that the innovative method is efficient, fast and relevant for tuning and shaping the far field of a laser beam array with unknown and changing input conditions. The fact that the diffuser performs a linear random transform of the input fields enhance the efficiency of the phase retrieval and transmission matrix retrieval, as it was recently demonstrated [25] . The same approach might be used for phase recovery of a coherent image even in the case of strong intensity modulation or in the case of sparse intensity distribution.
